Abstract. Duality for complete discrete valuation fields with perfect residue field with coefficients in (possibly p-torsion) finite flat group schemes was obtained by Bégueri, Bester and Kato. In this paper, we give another formulation and proof of this result. We use the category of fields and a Grothendieck topology on it. This simplifies the formulation and proof and reduces the duality to classical results on Galois cohomology. A key point is that the resulting site correctly captures extension groups between algebraic groups.
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1. Introduction 1.1. Aim of the paper. Let K be a complete discrete valuation field with algebraically closed (more generally, perfect) residue field k of characteristic p > 0. Duality for K with coefficients in finite flat group schemes (with torsion not necessarily prime to p) was obtained by Bégueri ([Bég81] ), Bester ([Bes78] ) and Kato (unpublished, but an announcement in a much more general setting can be found in [Kat86] ). This is a generalization of Serre's local class field theory ( [Ser61] ) in the style of local Tate duality. The hard part of this duality is how to give a nice geometric structure for cohomology groups.
In this paper, we give another formulation and proof of this result. Our method is simple and straightforward, requiring only classical results on Galois cohomology of such discrete valuation fields written for example in [Ser79] or [Ser02] together with Serre's local class field theory, once we define a certain Grothendieck site as a setup for the duality and establish its basic site-theoretic properties. The underlying category of the site we use is the category of fields (possibly transcendental) over k, in contrast to other usual sites whose underlying categories are categories of rings or schemes. An easy fact is that the cohomology theory of our site is simple: it is essentially Galois cohomology. A difficult fact is that extensions between sheaves on our site are rich: they correctly capture extensions between algebraic groups.
1.2. Main results. Now we formulate here a relatively simple part of the duality. Let k be a perfect field of characteristic p > 0. We consider the category k rat of finite direct products of the perfect closures of finitely generated fields over k. Give it theétale topology and denote the resulting site by Spec k rat et . We call this site the rationalétale site of k.
Let K be a complete discrete valuation field with ring of integers O K and residue field k. We denote by W the affine ring scheme of Witt vectors of infinite length. The ring O K has a natural structure of a W (k)-algebra of profinite length (which factors through the residue field k when K has equal characteristic). We denote bŷ ⊗ the completed tensor product. We define sheaves of rings on the site Spec k rat et by assigning to each k ′ ∈ k rat ,
Note that if k ′ has only one direct factor, then K(k ′ ) is the complete discrete valuation field obtained from K by extending its residue field from k to k ′ . The sheaves of invertible elements of O K and K are denoted by U K and K × , respectively. We define a category K et /k rat as follows. An object is a pair (L, k L ), where
commutes. The composite of two morphisms is defined in an obvious way. We say that a morphism (
isétale. Then we can define the relativeétale site of K over k, denoted by Spec K et /k rat et , to be the category K et /k rat endowed with the topology whose covering families over an object (L, k L ) ∈ K et /k rat are finite families {(L i , k Li )} of objectsétale over (L, k L ) with i L i faithfully flat over L. The global version of this type of relative sites was defined by §3] ; "an auxiliary site X/S perf ").
The functor is a quasi-isomorphism.
For example, we have H 2 (K et , Q/Z(1)) = 0. This is equivalent to the classical vanishing result of H 2 (K(k ′ ) et , Q/Z(1)) = the Brauer group of the complete discrete valuation field K(k ′ ) with any algebraically closed residue field k ′ (over k). Here it is essential to use the category k rat of fields. If k ′ is replaced by a more general k-algebra R, then the cohomology of a similarly defined ring K(R) is at least not classical.
The proof of Assertion (3) requires the following theorem to understand extension groups over Spec k rat et . Note that the quotient U K /(U K ) n by n-th power elements for any n ≥ 1 is represented by a quasi-algebraic group of units over k studied by Serre ([Ser61] ). Recall that a quasi-algebraic group is the perfection (inverse limit along Frobenii) of an algebraic group ([Ser60] ). Let Alg/k be the category of commutative affine quasi-algebraic groups over k and Ext n Alg/k the n-th Ext functor for Alg/k. Theorem B. For any A, B ∈ Alg/k and any n ≥ 0, we have It is important for this theorem that the category k rat contains the generic points of A, B ∈ Alg/k. With this theorem, assuming k algebraically closed, which we may, the essential part of the spectral sequence associated with the morphism in (3) is the sequence
where Z/nZ(1)(K) is the finiteétale group over k given by the kernel of multiplication by n on K × . We can show that this sequence agrees with the exact sequence given by Serre's local class field theory. This proves the exactness of our sequence and hence Assertion (3).
The method above is quite straightforward, even possibly misleading the reader that the above duality theorem itself is easy and has no difficult points. This is a wrong impression and should be corrected by comparing with the original account of Bégueri and Bester. The above level of clarity becomes available only after introducing the rationalétale site. It is important not to leave old theorems as they are after proven, but to make continuous efforts of understanding, digesting and sharing them in an organized way. This paper is an attempt in this direction for the above duality theorem.
1.3. Organization. The details of the duality are explained in Section 2 except for the proof of Theorem B. The proof of Theorem A finishes at Subsection 2.7. We treat the following more general setting. Using fppf cohomology of K, the equal and mixed characteristic cases are treated together. Since the group U K is an infinite-dimensional proalgebraic group, we treat proalgebraic groups in order to give a transparent argument. This option is actually necessary in the equal characteristic case, since even the group U K /(U K ) p in that case is infinite-dimensional and Ext
p , Z/pZ) does not agree with the extension group for the category PAlg/k of proalgebraic groups. This leads us to define a larger site than Spec k rat et , which we call the ind-rationalétale site of k, denoted by Spec k indrat et . Its underlying category k indrat consists of ind-rational k-algebras, which are defined as filtered unions of rational k-algebras. The corresponding generalization of Theorem B is Theorem 2.1.5, where A is allowed to be proalgebraic. Assuming Theorem 2.1.5, the proof of our duality theorem goes mostly in the manner outlined above. Unfortunately, however, the option we take raises an additional problem. We have to compute H 2 (K(k ′ ) et , G m ) with k ′ not necessarily rational but ind-rational. In this case, the ring K(k ′ ) is no longer a finite product of fields, not even their direct limit. In Subsection 2.5, we compute this type of cohomology by approximating it with cohomology of complete discrete valuation subfields.
We do not redo all results of Bégueri, Bester and Kato. (Incidentally, a review of the results of Bégueri and Bester can be found in [Mil06, III] .) Our purpose is to give a clear exposition of the use of sheaves on the category of fields, with a hope that similar techniques can be applied to other situations to reduce cohomology of schemes to cohomology of fields. However, we do include a duality for varieties over K (assuming K has mixed characteristic) with possibly p-torsion coefficients in Subsection 2.8. This is a simple combination of the duality for K and the Poincaré duality for varieties over an algebraic closure of K, which does not seem to be written down elsewhere. We also restate Theorem A as a Verdiertype duality for K and discuss a possible relation with the Albanese property of
in Subsection 2.9. When writing this paper, the author realized that some categories closely related to our site has already been studied by Rovinsky [Rov05] and Jannsen-Rovinsky [JR10] in their study of motives. We explain these relations in Section 4.
The proof of Theorem 2.1.5, thereby Theorem B, occupies the whole part of Section 3. We outline the proof. First note that if A is an algebraic group over k with generic point ξ A , then the group operation map
is faithfully flat. In other words, any point of A can be written as the sum of two generic points. A key observation is to regard this well-known fact as saying that A is covered by fields. Now let Spec k perf et be the category of perfect k-algebras (having invertible Frobenius) endowed with theétale topology. Breen's results [Bre70] and [Bre81] tell us that Ext . Instead, we define another site, the perfect pro-fppf site, denoted by Spec k perf profppf . Its underlying category is the category of perfect k-algebras, where a covering of a perfect affine k-scheme X is a jointly surjective finite family of filtered direct limits of flat affine X-schemes of finite presentation. This is a flat analog of Scholze's pro-étale site [Sch13] . Using the pro-fppf topology, we can include the faithfully flat morphism ξ A × k ξ A ։ A above as a covering, even though it is not of finite presentation or pro-étale. There is no difference between cohomology with respect to Spec k is complicated due to the fact that the category k rat of fields do not have all finite fiber sums and the pullback functor for the natural continuous func-
is not exact. To overcome this, we follow Breen's method ( [Bre78] ) to write extension groups of A in terms of spectral sequences whose E 2 -terms are given by cohomology groups of products of A. More precisely, we use Mac Lane's resolution defined as the bar construction for the cubical construction ( [ML57] ), and apply it to the left variable A of the functor Ext n (A, B). A key property of the cubical construction is that it is an additive functor up to a very explicit and simple chain homotopy called the splitting homotopy ([ML57, §5, Lemme 2]). This homotopy and variants of the covering ξ A × k ξ A ։ A allow us to replace the cohomology groups appearing in the E 2 -terms by cohomology groups of fields. This is the hardest part of this paper.
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Notation. We fix a perfect field k of characteristic p > 0. A perfect field over k is said to be finitely generated if it is the perfection (direct limit along Frobenii) of a finitely generated field over k. The same convention is applied to morphisms of perfect k-algebras or k-schemes being finite type, finite presentation, etc. A perfect k-scheme (locally) of finite type is also said to be (locally) quasi-algebraic following Serre's terminology [Ser60] . A point of a scheme is a point of its underlying set unless otherwise noted, usually identified with the Spec of its residue field. If X is a perfect (hence reduced) k-scheme of finite type, then its generic point, denoted by ξ X , means the disjoint union of the generic points of its irreducible components. For a set X, we denote by Z[X] the free abelian group generated by X. We denote by Set, Ab, GrAb, DGAb the categories of sets, abelian groups, graded abelian groups, differential graded abelian groups, respectively. Set theoretic issues are omitted for simplicity as the main results hold independent of the choice of universes. We denote by Alg/k (resp. PAlg/k) the category of commutative affine quasi-algebraic (resp. proalgebraic) groups over k. For a Grothendieck site S and a category C, we denote by C(S) the category of sheaves on S with values in C. The unbounded derived category of Ab(S) is denoted by D(S). For F ∈ Set(S), we denote by Z[F ] the sheafification of the presheaf X → Z[F (X)]. By a continuous map f : S ′ → S between sites S ′ and S we mean a continuous functor from the underlying category of S to that of S ′ , i.e., the right composition (or the pushforward f * ) sends sheaves on S ′ to sheaves on S. By a morphism f : S ′ → S of sites we mean a continuous map whose pullback functor Set(S) → Set(S ′ ) is exact. For an abelian category A, we denote by Ext Definition 2.1.1. We say that a perfect k-algebra k ′ is rational if it is a finite direct product of finitely generated perfect fields over k, and ind-rational if it is a filtered union of rational k-subalgebras. The rational (resp. ind-rational) k-algebras form a full subcategory of the category of perfect k-algebras, which we denote by k rat (resp. k indrat ).
Note that k indrat is naturally equivalent to the ind-category of k rat and k rat consists of the compact objects in k indrat . Examples of ind-rational k-algebras include a perfect field over k and the ring of global sections of the structure sheaf of a profinite set regarded as a k-scheme. Any homomorphism in k indrat is flat. A homomorphism in k indrat is faithfully flat if and only if it is injective.
Proposition 2.1.2. Any k-algebraétale over a rational (resp. ind-rational) kalgebra is rational (resp. ind-rational).
Proof. Let k 2 be a k-algebraétale over a perfect k-algebra k 1 . If k 1 is rational, clearly so is k 2 . If k 1 is ind-rational, then we can write
The proposition above leads to the following definition. ) to be the category k rat (resp. k indrat ) endowed with theétale topology.
Note that usual tensor products of rings do not always give fiber sums for k rat or k indrat , and not all fiber sums in k rat or k indrat exist. Therefore a continuous map to the site Spec k indrat et does not always have an exact pullback functor (an example is given in Proposition 3.2.3), and hence does not always defines a morphism of sites. The pushforward functor of such a functor does not send injectives to injectives, which prevents us from using the Grothendieck spectral sequence for example. We will have to deal with these types of problems in Sections 3 and 4. In general, there are two sufficient conditions for a continuous map f : S ′ → S of sites to be a morphism of sites: S has all finite limits and f commutes with finite limits; or f admits a left adjoint. Fortunately, most continuous maps used in this section satisfy one of these conditions, hence morphisms of sites. The exception is the continuous map π X/K in Subsection 2.8, where we will directly see that it is a morphism of sites.
The cohomology theory of the site Spec k indrat et is essentially Galois cohomology, as follows.
et be the morphism defined by the identity. Then f * is exact. We have
Proof. First note that f is a morphism of sites since the underlying category of the target site Spec k ′ et has all finite limits and f commutes with finite limits. The exactness of f * is obvious. We have
. Therefore the Grothendieck spectral sequence yields
By evaluation, we have natural functors from the category Alg/k (resp. PAlg/k) of commutative affine quasi-algebraic (resp. proalgebraic) groups in the sense of Serre ([Ser60] ) to the category Ab(k 
rat is a product of fields, we define
.
This definition is consistent when k ′ is already a field as we will see at the end of Subsection 3.8. We will prove Theorem B and the following generalization in Section 3.
Theorem 2.1.5. Let A ∈ PAlg/k, B ∈ Alg/k and k ′ ∈ k indrat . Then for any n ≥ 0, we have
If A ∈ Alg/k, then the same equalities hold replacing k indrat by k rat and PAlg/k by Alg/k.
In particular, taking n = 0 in the first assertion, we see that if a sheaf in
) is represented by a proalgebraic group in PAlg/k, then such a proalgebraic group is unique. Using this theorem, we will interpret Serre's local class field theory as a duality for local fields with coefficients in G m and extensions by Z. The result is Theorem 2.6.1. We will then deduce Theorem A by trivializing finite (multiplicative) A and embedding it into a product of copies of G m .
Remark 2.1.6. Theorem 2.1.5 holds also for commutative quasi-algebraic groups A and B not necessarily affine, for example, abelian varieties. The proof given in Section 3 still works for such groups. Affine groups as stated above are sufficient for the purpose of duality for local fields. 
The vertical arrows are given by the group operations. Applying this commutativity for the element ξ A×A ∈ A × A, we obtain an equalityφ(x 1 + x 2 ) =φ(x 1 ) +φ(x 2 ) as rational maps A × A B. This and a generic translation imply that the rational mapφ : A B is everywhere regular and is a homomorphism of algebraic groups ([Ser88, V, §1.5, Lem. 6]).
It remains to show thatφ = ϕ in Hom k rat (A, B). Let k ′ ∈ k rat and a ∈ A(k ′ ). We want to decompose a into the sum of two generic points. Let
which proves ϕ =φ. To show that a − x ∈ ξ A (k ′′ ), note that the correspondence y ↔ a− y gives an automorphism of the scheme
. This completes the proof of Hom Alg/k (A, B) = Hom k rat (A, B).
Lemma 2.2.3. For the case n = 1 of Proposition 2.2.1, we may assume that A is G a or G m and B is G a or G m .
Proof. If A = Z/mZ, then the long exact sequence for Ext k rat et ( · , B) associated with the short exact sequence 0 → Z → Z → Z/mZ → 0 yields an exact sequence 
If B isétale, then it can be embedded into a connected affine quasi-algebraic group. Therefore, with Galois descent, we may assume that A is G a or G m and B is G a or G m .
The following finishes the proof of Proposition 2.2.1. 
We have the equalities
as morphisms ξ A×A×A → B and ξ A×A → B. This means that f as a rational map A × A B is a rational symmetric factor system ([Ser88, VII, §1.4]). Hence f defines a birational group, which comes from a true quasi-algebraic group D by Weil's theorem, which fits in an extension 0 → B → D → A → 0 of quasialgebraic groups ([Ser88, loc. cit.]). By construction, we have a rational section A D whose associated rational factor system agrees with f . Consider the Baer difference of the two extensions
in Ab(k rat et ). This admits a section t : ξ A → E (in Set(k rat et )) whose associated factor system is f − f = 0. This means the equality
We want to extend t : ξ A → E to a homomorphismt : A → E in Ab(k rat et ) in a unique way. We need two sublemmas. Sublemma 2.2.5.
(
Proof of Sublemma 2.2.5.
(1) We prove this only for m = 2 as the general case is similar. As before, let
Taking the fiber product of this morphism with A, we have a flat morphism
As seen before, we have
and hence the element t(
(2) Using (1) for m = 3, we have t(y) + t(−y) + t(y) = t(y), so t(−y) = t(y).
Sublemma 2.2.6. For any field extension k ′′ /k ′ in k rat , the sequence
is exact, where the first homomorphism comes from the inclusion k ′ ֒→ k ′′ and the second the difference of the two homomorphisms coming from the inclusions
Proof of Sublemma 2.2.6. Consider the similar sequences
These are exact, since A and B are quasi-algebraic groups, and a rational map g to a variety such that g(x 1 ) = g(x 2 ) for independent generic points (x 1 , x 2 ) is constant everywhere. Also the sequence
These yield the required exactness by a diagram chase.
). In view of Sublemma 2.2.6, we have to show that t(a−x 1 )+t(x 1 ) = t(a−x 2 )+t(x 2 ). This follows from (1) and (2) of Sublemma 2.2.5. We show that
. This is equivalent to the equality t(a 
2.3.
The relative fppf site of a local field. Let K be a complete discrete valuation field with ring of integers O K and perfect residue field k of characteristic p > 0. We denote by W the affine ring scheme of Witt vectors of infinite length. As in Introduction, we define sheaves of rings on the site Spec k indrat et
We define a category K/k indrat as follows. An object is a pair (S, k S ), where
This sublemma says that E is a sheaf for the rational flat topology defined in Subsection 4.2.
See Proposition 4.2.1.
commutes. The composite of two morphisms is defined in the obvious way. We say that a morphism (S,
indrat . Assume that the first one is flat/étale. Then we have
follows. The rest is obvious.
Definition 2.3.2. We define the relative fppf site of K over k, Spec K fppf /k indrat et , to be the category K/k indrat endowed with the topology whose covering families over
Note that in this definition, i k Si is not required to be faithfully flat over k S .
Proof. The object (S, k ′′ ) covers (S, k ′ ). The sheaf condition says that the sequence
is injective. This and the above sequence imply the result.
A little closer observation shows that a representable presheaf
is a sheaf if and only if k S = k. In particular, an affine scheme Spec S finitely presented over K can be regarded as a sheaf on Spec K fppf /k indrat et by identifying it as the sheaf (S, k). The sheafification of F = (S, k S ) sends an object (S ′ , k S ′ ) to the filtered direct limit of F (S ′ , k ′ ), where the limit is indexed by pairs k
, we mean the sheafification of the presheaf of free abelian groups generated by F .
The cohomology theory of the site Spec K fppf /k indrat et is essentially fppf cohomology of K, as follows.
indrat . Let Spec S fppf be the fppf site of the ring S (on the category of finitely presented S-algebras). Let f : Spec K fppf /k indrat et → Spec S fppf be the morphism of sites defined by sending a finitely presented S-algebra
Proof. First we show the exactness of f * . Let A ։ B be a surjection in Ab(
The surjectivity says that there exists a cover (S ′′ , k S ′′ ) of (S ′ , k S ) and an element a ∈ A(S ′′ , k S ′′ ) such that a = b in B(S ′′ , k S ′′ ). By Proposition 2.3.3, we may assume that
We have
. Hence the equality of cohomology complexes follows from the Grothendieck spectral sequence.
2.4. The structure morphism of a local field and the cup product paring.
has a right adjoint given by
Proof. Obvious.
above defines a morphisms of sites
We call this the (fppf ) structure morphism of K over k. We denote
Note that the pullback π * sends a sheaf A to the sheafification of the presheaf (L, k ′ ) → A(k ′ ) by the above proposition. This is exact, so π is indeed a morphism of sites. A remark is that by forgetting k
, we have a continuous map from the fppf site of K-algebras to the site Spec K fppf /k indrat et . But neither of it or its composite with our morphisms π has an obvious reason to be a morphism of sites. Therefore we only use π :
is theétale sheafification of the presheaf
is a finite direct product of complete discrete valuation fields with perfect residue field. Therefore RΓ(K fppf , A), at least when restricted to the site Spec k rat et , is essentially a classical object when A is a locally algebraic group scheme over K. In the next subsection, we will need to understand cohomology of K(k ′ ) when k ′ is ind-rational but not necessarily rational. To simplify the notation, we will write
when there is no confusion. Let Hom (resp. Ext i ) denote the sheaf-hom (resp. the i-th sheaf-ext) and R Hom its derived version. We want to define a morphism
of duality with coefficients in G m . We need two propositions. The following, essentially defining the cup-product paring, is an adoption of a well-known construction to our situation.
Proposition 2.4.3. We have a natural morphism of functoriality
for any i ≥ 1 and any j, then the sequence
is exact, and the extension class of (2) maps to that of (3) via the induced map
). Proof. Let I, J be K-injective replacements of A, B, respectively. Let Hom K (I, J) be the sheaf hom complex, whose n-th term is i+j=n Hom K (I −i , J j ). A similar notation applies to Hom k . Then we have the morphism of functoriality
in the category of complexes in Ab(k), where Γ is applied term-wise. The right-hand side represents that of (1) since π is a morphism of sites and hence its pushforward sends the K-injective complex J to the K-injective complex π * J = Γ(J). The left-hand side represents that of (1) since if P is a K-flat replacement of I, then
in D(k), the second equality being from the K-injectivity of Hom K (P, J) and the third from the K-injectivity of J. Hence we obtain the morphism (1).
This construction shows that (4) is the homomorphism
The extension class of (2) corresponds to the morphism
where the B in the complex in the middle is placed at degree −n. The assumptions show that
Hence we obtain the corresponding morphism
Proposition 2.4.4. We have
We call the composite of this isomorphism and the valuation map K × ։ Z the trace map.
We will prove this proposition in the next subsection. Note that the sheaf
When restricted to Spec k rat , its vanishing for i ≥ 1 follows from classical results on Galois cohomology of complete discrete valuation fields with algebraically closed residue field: for each field k ′ ∈ k rat and i ≥ 1, we have
ur is the maximal unramified extension of the complete discrete valuation field K(k ′ ) and K(k ′ ) its completion.
Using Propositions 2.4.3 and 2.4.4, we have a desired morphism
2.5. Cohomology of local fields with ind-rational base. To prove Proposition 2.4.4, we first need to understand theétale site of
et , the latter of which is described by theétale sites of complete discrete valuation fields. The argument in this comparison goes basically in the same line as the proof of Hensel's and Krasner's lemmas. Additional complications come from the underlying topological space of Spec k ′ , which is a profinite space. We treat this topology and the topology coming from the valuation simultaneously. Then we will be reduced to consider the cohomology of the pushforward of
The computation of this is essentially classical. Up to a notational preparation, we only need to recall the fact that for a finite extension L/K, any element of
We need notation and several lemmas to prove the Proposition 2.4.4. We fix
We show that for an element a ∈ k ′ to be in m, it is necessary and sufficient that ω(a) ∈ n, where ω is the Teichmüller lift. Clearly this is sufficient. For necessity, let α = O(k ′ )∩n map to a ∈ m. Take a prime element π ∈ O K and write α = ω(a)+πβ, where
and α ∈ n, we have ω(e) ∈ n. Hence ω(a) ∈ n. This characterization shows that m ⊂ k ′ is a prime ideal. It has to be maximal since k ′ ∈ k indrat . To finish the proof, it is enough to show that n ⊂ K(m).
Hence a n ∈ m by definition of m. Hence ω(a n )π n ∈ n and α − ω(a n )π
Hence the maximal spectrum of K(k ′ ) is in bijection with Spec k ′ . (The whole prime spectrum is much different. Results from [Arn73] , in the equal characteristic case, show that
In particular, any Zariski covering of Spec K(k ′ ) can be refined by a disjoint Zariski covering.
∈ m for some m ≥ n. We may assume that a n , . . . , a m−1 ∈ m. Let e <m ∈ k ′ be the idempotent generating the ideal (a n , . . . , a m−1 ) of k ′ . Write a m = u m e m , where e m is an idempotent of k ′ and u m is a unit of k ′ . Then
The term in the large brackets is a unit in K(k ′ ). Hence
This proves the lemma since (1 − e <m )e m / ∈ m.
By a similar argument, we know that if an element of
Lemma 2.5.3. Anyétale covering of K(k ′ ) can be refined by a covering coming from anétale covering of K 0 (k ′ ). More precisely, let S be a faithfully flat
Proof. We may assume that S is a standardétale K(k ′ )-algebra by Lemma 2.5.2. This means that
By the same lemma, it is enough to show the existence of such L 0 after localizing k ′ by an element not in m. We denote by f m (x) the image of
. Since S/SK(m) = 0, there exists a simple root α (in the separable closure of K(k ′ /m)) of the polynomial f m (x) such that g m (α) = 0. Let α 1 , α 2 , ... be the other roots of f m (x). We can take an element
. We choose such β so that: it is separable over
, g m (β) = 0; and there exists an element γ ∈ K × such that ||α − β|| < ||γ|| ≤ ||α i − β|| for all i (|| · || denotes an absolute value). Let h(y)
be the monic minimal polynomial of β. Take a rational k-subalgebra
We may assume that k ′′ ∩ m = 0 and so k ′′ is a field by localizing k ′ by an element not in m. We define
. This is a finite separable extension of the complete discrete valuation field
by a similar localization (apply the argument right before this lemma to the norm
−1 f m (γx + β) with coefficients in the complete discrete valuation field
. By looking at the Newton polygon and by the choice of β, we know that this polynomial has integral coefficients, the constant term has positive valuation, and the coefficient for x is 1. Hence we can localize k ′ by an element not in m so that (γf
Since g m (β) = 0, we can localize k ′ by an element not in m so that the image of g(x) under this homomorphism is a unit. Hence we get
induces a fully faithful embedding from the category ofétale
It is enough to show that the natural sheaf morphism
is a filtered union of finite products of fields. Hence by taking ań etale cover of
have the same set of idempotents. But Lemma 2.5.2 shows that Spec k ′ has the same set of idempotents as them.
Lemma 2.5.
Proof. This is a formal consequence of Lemmas 2.5.3 and 2.5.4.
Therefore we have 
respectively. The finite group G acts on them as morphisms of sheaves. Define a complex
) using the differentials for inhomogeneous chains and cochains ([Ser79, VII, §3 and §4]) and the norm map N . For each i ∈ Z, define the Tate cohomology sheafĤ i (G, L × k ) to be the i-th cohomology of this complex. This is theétale sheafification of the presheaf k
we only need to extend k ′′ to its finite extension.
Proposition 2.5.6. We haveĤ ) and consider a corresponding statement forĤ
). This is a homomorphism of proalgebraic groups over k. The norm computation given in [Ser79, V, §3] shows that a k ′′ -valued point of U K for any k ′′ ∈ k indrat comes from U L,k after extending k ′′ to its faithfully flatétale covering. This proves the surjectivity.
Proof of Proposition 2.4.4. By Lemma 2.5.5, we have
where the L runs through the finite Galois extensions of K(k The following will be needed in the next subsection to reduce the computation of RΓ(Z) to that of cohomology of complete discrete valuation fields.
Proposition 2.5.7. Let k ′ ∈ k indrat . Let A be a constant sheaf of abelian groups.
Proof. By Lemma 2.5.5, this amounts to saying that
2.6. Duality with coefficients in G m . The following states the duality for K with coefficients in G m .
Theorem 2.6.1. The morphism
in D(k) defined at the end of Subsection 2.4 is a quasi-isomorphism.
We prove this in this subsection. This implies, by taking RΓ(k
The sheaf U K is represented by the proalgebraic group of units of K studied by Serre [Ser61] , which is affine. By Theorem 2.1.5, the cohomology of the right-hand side in any degree is essentially an extension group in PAlg/k. Hence, with Proposition 2.5.7, the homomorphism (5) is the direct limit of
We want to show that this is a quasi-isomorphism for any λ. Replacing K with K(k ′ λ ), we only need to consider the case k
By extending k to k and applying RΓ(k et , · ), we may assume that k = k. What we have to show is hence
for algebraically closed k. We first treat the part i = 2.
Proposition 2.6.2. We have
Proof. We compute Ext i k (U K , Z) for i = 2. The case i = 0 is done in Theorem 2.1.5. If i = 0, then we have Therefore it is enough to show that the homomorphism
is an isomorphism. Note that the left-hand side is equal to H 1 (K, Q/Z) = Ext 2 K (Z, Z) and the right-hand side Ext
as shown in the proof of the above proposition.
Proposition 2.6.3. The above homomorphism
sends a finite cyclic extension L of K of degree n with Galois group G = σ to the extension class
where L is defined from L in the same way as we defined K,
Proof. The extension L/K as an element of Ext
where Res L/K is the Weil restriction functor. We have
Hence we can use the second half of Proposition 2.4.3. Applying Γ, we have an exact sequence
in Ab(k). Pushing out this extension by the valuation map K × ։ Z from the left term, we find that the image in Ext
where π K is a prime element of O K . We have a natural quotient map from this extension to the extension
This extension as an element of the subgroup Ext
as required.
Proof of Theorem 2.6.1. We have
as seen in the proof of Proposition 2.6.2. Under this isomorphism, the lemma above says that our homomorphism, or its Pontryagin dual
(ab for the maximal abelian extension) agrees with the reciprocity isomorphism of Serre's local class field theory [Ser61] . This proves the theorem.
A corollary is that
When k is not necessarily algebraically closed, this recovers the main theorem of [SY12] .
2.7. Duality with coefficients in a finite flat group scheme. Let A be a finite flat group scheme over K. Assume that A does not have connected unipotent part (which is always the case if K has mixed characteristic). As in the previous subsection, we obtain a morphism
where the last equality is from the exact sequence 0 → Z → Q → Q/Z → 0 and that A is finite.
Theorem 2.7.1. The morphism
defined above is a quasi-isomorphism.
Lemma 2.7.2. The theorem is true for A = µ l , where l is a prime (possibly l = p).
Proof. Consider the Kummer sequence 0 → µ l → G m → G m → 0 and its Cartier dual 0 → Z → Z → Z/lZ → 0. They yield a commutative diagram
whose two rows are distinguished triangles. The first and second vertical morphisms are quasi-isomorphisms by Theorem 2.6.1. Hence so is the third.
The following finishes the proof of the theorem in the mixed characteristic case.
Lemma 2.7.3. The theorem is true for a multiplicative A.
Proof. We may assume that A has l-power order for a prime l (possibly l = p). We reduce the lemma to the previously treated case A = µ l . Let L be a finite Galois extension of K such that theétale group A CD becomes constant over L. Let M be the intermediate field of L/K that corresponds to an l-Sylow subgroup of Gal(L/K). Then the l-power torsion finite abelian group A CD (L) is equipped with the action of the l-group Gal(L/M ). Therefore, over M , the group A CD (resp. A) has a filtration whose successive subquotients are all isomorphic to Z/lZ (resp. µ l ). Hence by the above lemma, we have a quasi-isomorphism
, where k ′ is the residue field of M . We have a commutative diagram
of morphisms of sites, where the left vertical morphism is defined by the functor
Hence by applying the Weil restriction functor Res k ′ /k for the both sides of (6) and using the duality for the finiteétale morphism Spec k ′ → Spec k, we have a quasi-isomorphism
Since A is l-power torsion and M/K is an extension of degree prime to l, the image of the embedding A CD ֒→ Res M/K A CD is a direct summand, which yields a splitting to the projection Res M/K A ։ A. The lemma now follows.
Note that the distinguished triangle RΓ(µ l ) → RΓ(G m ) → RΓ(G m ) used in the above proof and Proposition 2.4.4 show that
Lemma 2.7.4. The theorem is true for A = Z/pZ when K has equal characteristic.
Proof. By the previous lemma, the morphism in the theorem this case can be written as
which agrees with the canonical evaluation morphism. With the remark just above, we know that RΓ(µ p ) is acyclic outside degree 1 and 
Hence we have 
Lemma 2.7.5. The theorem is true for anétale unipotent A.
2 The key here is that Ext i k (Ga, Q/Z) = 0 for i = 1 and Ext 1 k (Ga, Q/Z) = k via the ArtinSchreier isogeny, so R Hom
Proof. We can reduce this to the previously treated case A = Z/pZ by a similar method used in the proof of Lemma 2.7.3.
Proof of Theorem 2.7.1. A general A with no infinitesimal unipotent part is an extension of anétale unipotent one by a multiplicative one. This finishes the proof of the theorem.
Theorem 2.7.1 implies
by taking RΓ(k, · ) of the both sides. From the proof, it follows that
) is a finiteétale group. The sheaf H 1 (A) is an extension of a finiteétale group by a connected ind-pro-unipotent group (i.e. a filtered direct limit of connected unipotent proalgebraic groups). If K has mixed characteristic, this ind-pro-unipotent part is a (finite-dimensional) unipotent group. , and using the dlog map and the Cartier operator, our duality is reduced to the duality for coherent coefficients over K. 
with finite flat A are quasi-isomorphisms in D(k). (2) If we avoid Theorem 2.1.5 (hence avoid the whole part of Section 3) and use Proposition 2.2.1 instead, then what we can prove for mixed characteristic K is an apparently weaker statement
where τ denotes the truncation functor.
2.8. Duality for a variety over a local field. In this subsection, we assume that the complete discrete valuation field K has mixed characteristic. As in Introduction, we use the site Spec k . We denote theétale structure morphism by
Let X be a K-scheme of finite type. Consider the category X et /k rat whose objects are pairs (Y, k Y ) with k Y ∈ k rat and Y anétale scheme over
commutes. The composite of two morphisms is defined in the obvious way.
rat is said to be anétale covering if {Y i } covers Y . This defines a Grothendieck topology on X et /k rat . We call the resulting site the relativeétale site of X over k and denote it by X et /k
where f :
defines a continuous map
where the limit is indexed by pairs
. This limit is filtered, so the pullback is exact. Therefore π X/K is a morphism of sites. The composite π K/k • π X/K is denoted by π X/k . We denote
for any n ≥ 1 isétale locally constant on K. Similarly Tate twists commute with R Hom X or R Hom K . Now assume that X is proper smooth and geometrically connected over K. Let X = X × K K. We are going to regard the Poincaré duality for the variety X over K as duality for π X/K and combine it with the duality for π K/k established in Theorem 2.7.1 to obtain a duality for π X/k . Let d = dim(X). A part of the Poincaré duality for X gives the isomorphism
where τ denotes the truncation functor. Hence
and we have a morphism
Let A be a constructible sheaf on X et . We denote by A PD = R Hom X (A, Q/Z) the Pontryagin dual of A. We have a morphism
Theorem 2.8.1. The above defined morphism
is a quasi-isomorphism.
Proof. By the Poincaré duality for the variety X over K, we have
The complexes Rπ X/K A, Rπ X/K (A PD ) are bounded complexes in D(K) whose cohomology at each degree is a finiteétale group scheme over K by the constructibility of A. Therefore we can apply Theorem 2.7.1 to get
2.9. The right adjoint to the pushforward. In this subsection, we make no assumption on the characteristic of K and return to the fppf structure morphism
by adjunction and Proposition 2.4.3, hence a morphism
Proposition 2.9.1. Assume that B is a commutative finiteétale group scheme over k. The morphism (7) is a quasi-isomorphism.
Proof. We may check the statementétale locally on k. Therefore we may assume that B is a constant group. Hence we may replace B by Z. This case is obvious.
We continue assuming B to be a finiteétale group scheme over k. We define
. The above proposition and the trace map
). We have a morphism
The truncation τ ≤0 here is needed to ignore extensions as sheaves over positive characteristic K of degree ≥ 2 which do not come from extensions as commutative group schemes (cf. [Bre69] ). This is unnecessary if K has characteristic zero.
Proposition 2.9.2. Assume that A (resp. B) is a commutative finite flat (resp. etale) group scheme over K (resp. k). Then the morphism
in D(k) defined above is a quasi-isomorphism.
Proof. Take a resolution 0 → B 1 → B 2 → B → 0 of B byétale group schemes B 1 , B 2 over k whose groups of geometric points are finite free abelian groups. We have a distinguished triangle
Note that Ext 1 K (A, π * B i ) = 0 for i = 1, 2. Hence we have a distinguished triangle
Therefore, what we need to show is that the morphism
is a quasi-isomorphism for i = 1, 2. This is reduced to the case B i = Z for i = 1, 2 by extending the base k to its finite extension. The statement is then Theorem 2.7.1.
Remark 2.9.3.
(1) Propositions 2.9.1 and 2.9.2 are true for anyétale group scheme B, using the same definition (8) of π ! B. The second proposition needs the fact that the functors R Hom K (A, · ), R Hom k (Rπ * A, · ) with A a finite flat group scheme over K commute with filtered direct limits. See the last paragraph of the proof Proposition 3.8.1. ). But Proposition 2.9.1 seems to be false in general. An interesting observation in this direction is the following. Let A = G m and B ∈ Alg/k. About the left-hand side of (9), we have a natural morphism
and about the right, a quasi-isomorphism
We do not seem to have a morphism
between them. Even taking H 0 and evaluating the both sheaves by k, we still do not seem to have a morphism
A remark is that this hypothetical morphism has a form quite similar to the Albanese property of K × ( [CC94] ) in the equal characteristic case. We recall this property here.
Assume that K has equal characteristic. Let k sch be the category of (not necessarily perfect) k-algebras. The functor K makes sense also on k sch by the same definition: it sends a k-algebra R to (R⊗ k O K ) ⊗ OK K. Since K is a k-algebra, we have a morphism π 0 : Spec K → Spec k of schemes. Let B be a commutative smooth algebraic group over k and π * 0 B = B × k K the base extension of B from k to K. Then there exists an isomorphism
This is the Albanese property of K × ([CC94]
). We do not know whether or not there exists a way to modify our formulation and Proposition 2.9.2 on duality so that it contains the Albanese property of K × as the special case where A = G m and B ∈ Alg/k.
Extensions of algebraic groups as sheaves on the rationalétale site
In this section, we prove Theorem 2.1.5. This and the next sections do not involve with complete discrete valuation fields.
3.1. The pro-fppf site.
Definition 3.1.1. Let R be perfect k-algebra. We say that a perfect R-algebra S is flat of ind-finite presentation if there exists a filtered direct system {R λ } of perfect R-algebras such that each R λ is flat of finite presentation over R and S is isomorphic to lim − →λ R λ as an R-algebra. If moreover S is faithfully flat over R, we say that S is faithfully flat of ind-finite presentation over R.
Note that the transition homomorphisms R λ → R µ are not required to be flat. If R → S is flat of ind-finite presentation, we say that Spec S → Spec R is flat of pro-finite presentation. An example of a flat homomorphism of ind-finite presentation is a localization of a perfect k-algebra by an arbitrary multiplicative subset. Another example is a surjection in PAlg/k. We do not know whether every flat homomorphism is of ind-finite presentation or not.
The permanence property of flatness under passage to limits ([Gro66, Cor. 11.2.6.1]) with a standard limit argument shows the following.
Proposition 3.1.2. If R → S and S → T are flat homomorphisms of ind-finite presentation between perfect k-algebras, then so is the composite R → T .
Proof. First, with no assumptions on the homomorphisms, we can write S = lim − →λ S λ (resp. T = lim − →µ T µ ) with S λ (resp. T µ ) perfect and finitely presented over R (resp. S). We define a set N to be the set of triples ν = (λ, µ, S λ → T λµ → T µ ), where λ ∈ Λ, µ ∈ M and S λ → T λµ → T µ a factorization of the composite S λ → S → T µ with T λµ perfect and S λ → T λµ finite presentation such that the commutative diagram
commutes. Then N is a directed set, and the direct limit of the R-algebras T λµ for (λ, µ, S λ → T λµ → T µ ) ∈ N is T . Now by the assumptions, we can take the S λ 's to be flat over R and the T µ 's flat over S. Define a subset N fl of N by imposing an extra condition that S λ → T λµ be flat. Then for any (λ, µ,
Hence N fl is a cofinal subset of N . Thus T is the filtered directed limit of the flat R-algebras T λµ , (λ, µ, S λ → T λµ → T µ ) ∈ N fl , of finite presentation.
Clearly the base extension of a flat homomorphism R → S of ind-finite presentation by arbitrary homomorphism R → R ′ is flat of ind-finite presentation. Hence we can make the following definition.
Definition 3.1.3. We define the perfect pro-fppf site Spec k perf profppf to be the category k perf of perfect k-algebras endowed with the topology whose covering families over R ∈ k perf are finite families {S i } of perfect flat R-algebras of ind-finite presentation with i S i faithfully flat over R.
Remark 3.1.4.
(1) In the same way, we can define pro-smooth morphisms and the perfect prosmooth site using [Gro67, Prop. 17.7.8] instead. The rest of this section also works when we use the perfect pro-smooth site instead of pro-fppf. (2) If we want to allow proper varieties to the underlying category of the profppf site, we can use the category of perfect quasi-compact quasi-separated schemes over k instead of affine ones, with the help of the absolute noetherian approximation.
3.2. Basic relations with the ind-rationalétale site. We have continuous maps of sites
defined by the identity. The first two are morphisms of sites (i.e. have exact pullback functors), but the third is not (see Proposition 3.2.3 below for an example).
Definition 3.2.1. Let X = Spec R be a perfect affine k-scheme. Write R = λ R λ . as a filtered union of perfect k-subalgebras R λ of finite type.
(1) A profinite set of points of X is a subsystem x = lim ← −λ x λ ⊂ X = lim ← −λ Spec R λ consisting of finite subsets x λ of Spec R λ .
(2) Assume that all the transition homomorphisms R λ → R µ are faithfully flat.
The generic point of X is the profinite set of points ξ X = lim ← −λ Spec Frac R λ , where Frac denotes the total quotient ring. These notions are independent of the presentation R = λ R λ (with faithfully flat transition homomorphisms in the second definition).
Note that a profinite set of points is the Spec of an ind-rational k-algebra. The set of all profinite sets of points of a given X is a directed set by inclusion. Any morphism from a perfect k-scheme Spec k ′ with k ′ ∈ k indrat to X factors through a uniquely determined profinite set of points of X. Hence we have the following. Under the assumption made in (2) of Definition 3.2.1, we have Frac R = λ Frac R λ , so ξ X = Spec Frac R. The natural inclusion ξ X ֒→ X is flat of profinite presentation. We can speak of the generic point of a proalgebraic group A ∈ PAlg/k since A satisfies the assumption in (2). Any k-algebra homomorphism from an ind-rational k-algebra to a perfect k-algebra is flat of ind-finite presentation, which is faithfully flat if it is injective.
We should be careful when using the continuous map to Spec k indrat et due to the following. 
is not an isomorphism. In particular, h * set is not exact and h is not a morphism of sites.
Proof. By Proposition 3.2.2, we have
), where the disjoint unions are over points of the underlying set of the schemes. Hence for any R ∈ k perf . In other words, we have R j f * B = 0 for any j ≥ 1.
We need a lemma. Let B and R as in the proposition. We denote byȞ i (R profppf , B) the pro-fppfČech cohomology and by H i profppf (B) the presheaf S → H i (S profppf , B). The same notation is applied to the fppf cohomology.
Lemma 3.3.2. Let B and R as in the proposition. We havě
Proof. Let S ∈ k perf be faithfully flat of ind-finite presentation over R. By definition, we can write S = lim − →λ S λ by a filtered directed system of faithfully flat perfect R-algebras S λ of finite presentation. It is enough to show thať
. Since B commutes with filtered direct limits, we have
for j ≥ 0 (argue inductively using theČech-to-derived functor spectral sequence). Therefore theČech complex of S/R with coefficients in H j fppf (f * B) is the direct limit of theČech complex of S λ /R with coefficients in H j fppf (f * B). The result follows by taking cohomology.
Proof of Proposition 3.3.1. We need to prove that the j ′ -th cohomology groups of the both sides are isomorphic for all j ′ ≥ 0. We prove this by induction. The case j ′ = 0 is obvious. Fix j ′ ≥ 1. Assume the equality of the j-th cohomology for j = 0, 1, . . . , j ′ − 1. Consider theČech-to-derived functor spectral sequences Since a quasi-algebraic group is the perfection of a smooth algebraic group, and the fppf cohomology with coefficients in a smooth algebraic group agrees with thé etale cohomology, we have the following. 3.4. Review of Mac Lane's resolution. We review Mac Lane's resolution [ML57] . We review only the part necessary for our constructions and proofs. In particular, the base ring is taken to be Z. We denote by Ab, GrAb, DGAb the categories of abelian groups, graded abelian groups, differential graded abelian groups, respectively. For a set X, we denote by Z[X] the free abelian group generated by X. Let A be an abelian group. Let C n = {0, 1} n for n ≥ 0. Define a graded abelian group
There are certain differential maps ∂ : Q In the proof of our theorem, we will need splitting homotopy V for Q(A) and M (A) [ML57, §5 and §8, respectively] with respect to additive projections, so we recall it here. Assume that A is the direct sum of two abelian groups A 0 and A 1 . Let p 0 , p 1 : A → A be the corresponding projections. These maps induce endomorphisms p 0 , p 1 : Q(A) → Q(A) and p 0 , p 1 : M (A) → M (A) of differential graded abelian groups. Note that p 0 + p 1 = id on Q(A) or M (A) in general since Q and M are not additive functors. Define an endomorphism V on the graded abelian group Q(A) of degree +1 by (V t)(ε, e) = p ε (t(e)) for t : C n → A, e ∈ C n and ε = 0, 1. Then
The endomorphism V induces the endomorphism V = V ⊗ id on the graded abelian group M (A) = Q(A) ⊗ Z B of degree +1. Then
Remark 3.4.1. In [ML57, loc. cit.], the splitting homotopy V was defined also for non-additive projections. The non-additivity makes the behavior of V much more complicated. In this paper, we use V only for additive projections. is the free abelian group functor as above. For a sheaf A of abelian groups on a Grothendieck site S, we define F (A) to be the sheafification of the presheaf X → F (A(X)). Then M (A) is a resolution of the sheaf A since sheafification is exact. We have
where B is regarded as a constant sheaf.
Let h : Spec k ) be the sheafification functor with respect to the perfect pro-fppf topology (resp. the ind-rationalétale topology). Let F pre (A) be the presheaf X → F (A(X)). Then we have natural isomorphisms and an adjunction morphism
If A ∈ PAlg/k, we simply write h * A = A.
Proposition 3.5.1. Let F = Q or M . For any A ∈ PAlg/k, the above defined morphism
) is a quasi-isomorphism. In particular, we have H n (h * M (A)) = 0 for n > 0 and
This is the hardest proposition in this paper. Its proof occupies the next subsection. Before the proof, we need to write h * F (A) more explicitly. When
, where h * set denotes the pullback for sheaves of sets. By Proposition 3.2.2, we have
where x runs through all profinite sets of points of A. The morphism h
Recall from Subsection 3.2 that the generic point ξ A of A is a profinite set of points of A. Hence if B is a proalgebraic subgroup of A, then ξ B ⊂ h * set B ⊂ h * set A. Therefore, roughly speaking, Proposition 3.5.1 says that A ∈ PAlg/k can completely be resolved and described by its field-valued points and group operation.
3.6. Proof of the acyclicity of the pullback of Mac Lane's resolution. The idea of proof of Proposition 3.5.1 is the following. Let X ∈ k perf and a ∈ A(X). We need to modify a so as to put it into h * set A, which is the union of the profinite sets of points of A. By "points" in the definition of profinite sets of points, we actually mean generic points of closed subschemes. The X-valued point a is not generic to a closed subscheme of A in general. We can write a = (a −ã) +ã by any otherã ∈ A(X). Since ξ A × k ξ A ։ A is pro-fppf, by suitably extending X to its pro-fppf cover Z, we can chooseã ∈ A(Z) so that each ofã and a −ã is generic to a closed subscheme of A. Since F is a non-additive functor, the decomposition of this type a = (a −ã) +ã in A cannot directly be translated into a similar decomposition in F (A). This difference is managed by the splitting homotopy V recalled in Subsection 3.4. We choose Z andã carefully so that the assignment a →ã is a homomorphism, which is the requirement for V to behave simply. The technical core is Lemma 3.6.3 below.
We will need the following two lemmas to create sufficiently many pro-fppf covers.
Lemma 3.6.1. Let Y → X, X ′ → X be morphisms in k perf and let
Proof. Write X = Spec R, Y = Spec S, X ′ = Spec R ′ and Y ′ = Spec S ′ . Note that the homomorphism R → S between perfect (hence reduced) rings being dominant is equivalent that it is injective. The definition of flatness then says that R ′ → S ′ is injective.
Lemma 3.6.2. Let Z i → Y → X be morphisms in k perf , i = 1, . . . n, and let
Assume that Y /X is faithfully flat of profinite presentation. Assume also the following conditions for each i:
• Z i → Y is flat of profinite presentation, • the morphism (Z i ) x → Y x on the fibers over any point x ∈ X is dominant.
Then Z also satisfies these two conditions. In particular, Z/X is faithfully flat of profinite presentation.
Proof. This follows from the previous lemma.
Let L be a finitely generated abelian group regarded as a constant sheaf over k and A ∈ PAlg/k. To simplify the notation in the next lemma, we denote the sheafhom
given by evaluation at a.
For any element a ∈ L, there exists Z ∈ k perf and a morphism Z → Y satisfying the two conditions in Lemma 3.6.2 such that the natural images a, a −ã ∈ A(Z) are contained in the subset (h * set A)(Z). If a ∈ (h * set A)(X), then we can take Z so that (a −ã,ã) ∈ (h * set (A 2 ))(Z).
Proof. Consider the following commutative diagram with a cartesian square:
The bottom arrow in the square is faithfully flat of profinite presentation since it is a surjection of proalgebraic groups. The right arrow is dominant flat of profinite presentation. Hence the left arrow is dominant flat of profinite presentation by Lemma 3.6.1. We define Z 1 = X × kã −1 (ξ Im(ã) ). Then the natural morphism Z 1 → Y satisfies the two conditions in Lemma 3.6.2 by Lemma 3.6.1. The natural imageã ∈ A(Z 1 ) is a morphism
The composite of this with the morphismã : Y → A is a −ã. We define Z 2 → Y to be the inverse image of the morphism Z 1 → Y by this X-automorphism of Y . Then we have a −ã ∈ (h * set A)(Z 2 ) and Z 2 satisfies the two conditions in Lemma 3.6.2. We define Z = Z 1 × Y Z 2 . Then we haveã, a−ã ∈ (h * set A)(Z) and Z satisfies the two conditions in Lemma 3.6.2.
Next assume that a ∈ (h * set A)(X). Consider the automorphism (b, c) ↔ (b+c, c) of the group A 2 , which maps (a −ã,ã) to (a,ã). Hence it is enough to show that we can take Z so that (a,ã) ∈ (h * set h * (A 2 ))(Z). We identify a : X → h * set A with its image, which is an object of k indrat , so that we have a faithfully flat morphism a : X ։ a of profinite presentation. Consider the following commutative diagram with a cartesian square:
We define Z = (a,ã) −1 (ξ a×Im(ã) ). Then (a,ã) ∈ (h * set (A 2 ))(Z) by the same argument as above. The square in the above diagram can be split into the following two cartesian squares:
The bottom two arrows are faithfully flat of profinite presentation. The third vertical arrow is dominant flat of profinite presentation. By pulling back the left square by a point of X and using Lemma 3.6.1, we see that the morphism Z → Y satisfies the two conditions of Lemma 3.6.2.
A] be as in the lemma. Define two homomorphisms
The composites of them with the natural map 
Note that T = incl since F is non-additive. When F = Q or M , we may identify this V with the splitting homotopy V : F (L) → F (A(Y )) recalled in Subsection 3.4 (which raises the degree by one), so
Lemma 3.6.4. In the above setting, let t ∈ F (L). Then there exists Z ∈ k perf and a morphism Z → Y with the composite Z → Y → X faithfully flat of profinite presentation such that the natural image T t ∈ F (A)(Z) is contained in the subgroup (h * F (A))(Z). If t ∈ (h * F (A))(X), then we can take Z so that V t ∈ (h * F (A 2 ))(Z).
Proof. We only need to show this for F = Z[ ] in view of the structures of homogeneous parts of Q ′ , Q, M recalled in Subsection 3.4. 
Proof of Proposition 3.5.1. Let A ∈ PAlg/k and F = Q or M . We want to show that
profppf ) for all n ≥ 0. We want to show that the inverse is given by T (with pro-fppf locally defined chain homotopy to the identity given by V ). To give a short and rigorous proof, we avoid doing this directly but as follows.
We first treat the injectivity. Let t ∈ (h * F n (A))(X) be an element such that t = ∂s for some s ∈ F n+1 (A(X)). Take a finitely generated subgroup L of A(X) large enough so that t ∈ F n (L) and s ∈ F n+1 (L). Then by the above lemma, there exists Z ∈ k perf faithfully flat of profinite presentation over X such that V t, T s ∈ (h * F n+1 (A))(Z). A simple computation using the splitting homotopy condition (10) shows that t = ∂(T s − V t). This shows the injectivity.
Next we show the surjectivity. Let t ∈ F n (A(X)) be an element with ∂t = 0. Take a finitely generated subgroup L of A(X) large enough so that t ∈ F n (L). Then by the above lemma, there exists Z ∈ k perf faithfully flat of profinite presentation over X such that T t ∈ (h * F n (A))(Z). Then
This shows the surjectivity.
Remark 3.6.5.
(1) Proposition 3.5.1 is not true if we use the fppf topology instead of the profppf topology. Namely, let h
be the continuous map defined by the identity. Then we can show that H 1 (h ′ * Q(G a )) = 0, even though H 1 (Q(G a )), which is the first stable homology (see below), vanishes. This difference comes from the fact that the inclusion ξ Im(ã) ֒→ Im(ã) used in the proof of Lemma 3.6.3 is flat of profinite presentation but not of finite presentation, even if A ∈ Alg/k. (2) The groups H n (Q(A)) are the integral stable homology groups of the EilenbergMac Lane spectrum HA (see [Pir96] for a simple proof of this fact). Therefore the part of Proposition 3.5.1 for Q says that the complex h * Q(A) correctly calculates these groups.
3.7. Ext for the rationalétale and perfectétale sites. the Ext groups in the E 2 -terms of the both spectral sequences in terms ofétale cohomology groups of schemes of the form A
where we used the assumptions that A is affine and B locally quasi-algebraic. Therefore the two spectral sequences have isomorphic E 2 -terms and hence isomorphic E ∞ -terms. We have the other two hyperext spectral sequences converging to the isomorphic E ∞ -terms. The homology groups H j (Q(A)) are the stable homology of A (Remark 3.6.5). We use the following fact ([Bre70, Theorem 3]): H 0 (Q(A)) = A, and for each j ≥ 1, the group H j (Q(A)) is a finite direct sum of the kernel or the cokernel of multiplication by n on A for some various n ≥ 2. Hence we have E 4.1. The Zariski andétale cases. Let DM k,et (resp. DM k,zar ) be the same category as DM k with the topology where a cover is a dominantétale morphism (resp. a dominant open immersion). Let Spec k rat zar be the category k rat with the topology where a cover is the identity map (so a presheaf F is a sheaf if and only if F (k 1 × · · · × k n ) = F (k 1 ) × · · · × F (k n ) for fields k 1 , . . . k n ∈ k rat ). The pullback f * F for F ∈ Set(DM k,zar ) is given by (f * F )(x) = F (X) for any x ∈ k rat , where X ∈ DM k,zar is any object with ξ X = x. Obviously f * f * = id and f * f * = id. Hence f induces an equivalence on the topoi. Hence for g, we only need to show that f * maps the subcategory Set(DM k,et ) to Set(k rat et ). Let F ∈ Set(DM k,et ). Let y → x be a faithfully flatétale morphism in k rat . We want to show that the sequence
is exact. Take a dominantétale morphism Y → X in DM k,et whose associated morphism ξ Y → ξ X gives y → x. Then ξ Y ×X Y = y × x y. Since F ∈ Set(DM k,et ), the sequence
is exact. This sequence is identical to the above sequence. and compare it with DM k . Let k rat be the full subcategory of the category of perfect k-schemes consisting of (not necessarily finite) disjoint unions of the Spec's of finitely generated perfect fields over k. The fiber product of any objects y, z over any object x ink rat exists. It is given by the disjoint union of the points of the underlying set of the usual fiber product y × x z as a scheme. We denote it by y× x z. We endow the categoryk rat with the topology where a covering is a faithfully flat morphism. The resulting site is denoted by Speck rat fl . We call this the rational flat site of k. We denote y × gen x z := ξ y×xz .
Proposition 4.2.1. In order for a presheaf F on Speck rat fl to be a sheaf, it is necessary and sufficient that the following two conditions be satisfied:
(1) For any fields k λ ∈ k rat and x λ = Spec k λ , we have F ( x λ ) = F (x λ ). (2) For any field extension k ′′ /k ′ in k rat and x = Spec k ′ , y = Spec k ′′ , the sequence
is exact, where p 1 and p 2 are given by the first and the second projections y × gen x y ⇒ y. Proof. Clearly these conditions are sufficient. For necessity, let F ∈ Set(k rat fl ). The first condition is clear. For the second, let s ∈ F (y) satisfy p 1 (s) = p 2 (s) in F (y × gen x y). We need to show that for any connected component z ⊂ y× x y (i.e. a point of y × x y), we have p 1 (s) = p 2 (s) in F (z). Since F ∈ Set(k rat fl ), the projection z × gen x y → z induces an injection F (z) ֒→ F (z × gen x y). Hence it is enough to show that the elements p 1 (s) and p 2 (s) map to the same element in F (z × We need a lemma. To simplify the notation, we write y 
